Abstract. An example is given in which specialization is not injective.
in which all squares are Cartesian, S = Spec(A) is a finite type, regular, integral affine Z-scheme (or a localization of such), g is the inclusion of the generic point, η = Spec(K), i s is the inclusion of a non-generic point, s = Spec(F), and f is a smooth, projective morphism with geometrically connected n-dimensional fibers. Furthermore, the map υ (respectively ) corresponds to a choice of algebraic closure, F ⊂F (respectively K ⊂K).
Let l be a prime number. For any abelian group, B, write B[l ∞ ] ⊂ B for the subgroup consisting of elements annihilated by some power of l. For r ≥ 0 there is a specialization homomorphism of Chow groups,
When l is distinct from the characteristic of F, σ 1 s is injective. This fact has proved to be very useful for bounding torsion in
. It is interesting to ask if injectivity continues to hold for r > 1. In fact it does for r ∈ {2, n} as will be recalled in the Proposition below. The purpose of Partial support by the NSF (DMS-0200012) gratefully acknowledged.
this note is to show that injectivity may fail in the range 2 < r < n. 1 The failure of injectivity when l = char(F) and r is arbitrary is classical [Sil , III.6.4] .
Before proving the injectivity and non-injectivity assertions, we describe the map, σ r s , in detail. Extra effort is required here to deal with the case codim S (s) > 1, which plays an important role in later arguments.
Construction of the specialization homomorphism
By localizing we may assume that S is the spectrum of a regular local ring and that s is the closed point. WriteS, E → S, s for the blow up of S along s. The local ring at the exceptional divisor, OS ,E , is the valuation ring of a discrete valuation, v : K * → Z. :
where sK ,v is the spectrum of an algebraic closure of the residue field of OS ,E . Now (2) is constructed from (3) by restricting to l-power torsion subgroups and composing with the inverse of the pullback isomorphism [Le] ,
The construction is independent of the choice ofv: Any valuation onK extending v has the formv • γ for γ ∈ Gal(K/K) [Bou , VI.8.6 ]. There is a commutative diagram,
with vertical maps isomorphisms induced by γ .
1
After this paper was written, C. Soulé and C. Voisin posted Torsion cohomology classes and algebraic cycles on complex projective manifolds AG/0403254 on the e-print archives lanl.arXiv.org. Their e-print, which will appear in Advances in Mathematics, is also concerned with non-injectivity of specialization of torsion in the Chow group among other issues. Both the differences and the similarities between the cycles considered in the e-print and the cycles considered here appear to be interesting.
